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Abstract. Every solution of the Bethe-ansatz equations (BAE) is characterized 
by a set of quantum numbers, by which we can evaluate it numerically. However, 
no general rule is known how to give quantum numbers for the physical solutions 
of BAE. For the spin-1/2 XXX chain we rigorously derive all the quantum 
numbers for the complete set of the Bethe-ansatz eigenvectors in the two down- 
spin sector with any chain length N. Here we obtain them both for real 
and complex solutions. Consequently, we prove the completeness of the Bet he 
ansatz and give an exact expression for the number of real solutions which 
correspond to collapsed bound-state solutions (i.e., 2-string solutions) in the 
sector: 2[(N— 1)/2 — (N/n) tan -1 (y/N — 1)] in terms of Gauss’ symbol. Moreover, 
we prove in the sector the scheme conjectured by Takahashi for solving BAE 
systematically. We also suggest that by applying the present method we can 
derive the quantum numbers for the spin-1/2 XXZ chain. 
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1. Introduction 

Exact solutions of the one-dimensional Heisenberg model, i.e. the spin-1/2 XXX 
chain, were derived by Bethe in 1930s pQ with a systematic method by assuming 
the form of wavefunctions. We call it the coordinate Bethe ansatz [2]. After Baxter 
solved the XYZ spin chain, i.e. the eight-vertex model, by introducing and solving 
the Yang-Baxter equation [3] , powerful algebraic methods such as the algebraic Bethe 
ansatz have been developed man HE], where the Yang-Baxter equation leads to 
algebraic relations such as the commutation relations among the operator elements 
of the monodromy matrix. However, it is still not trivial whether the eigenvectors 
constructed by the Bethe-ansatz methods are complete HI El- In the Bethe ansatz 
each Bethe-ansatz eigenvector corresponds to a solution of the Bethe-ansatz equations 
(BAE). A useful but conjectured scheme was formulated to evaluate all physical 
solutions of BAE mm 111] , We call it the string hypothesis. In order to confirm 
it all the solutions are numerically evaluated for the TV-sited XXX spin chains with 
TV = 10,12 and 14 [121 [13 EH] (see also [T511. 

According to the string hypothesis any solution to BAE is given by either a real 
number or a sequence of complex numbers, depending on the quantum numbers jlOl . 
We call such a sequence of complex numbers a string. However, it has been shown 
by Essler, Korepin and Schoutens that some solutions with two down-spins which 
should be complex in the string hypothesis are indeed real if the system is larger than 
some critical size |TB] . We call it the collapse of a potentially complex or bound-state 
solution to a real solution. The collapse of such a supposed to be complex solution in 
the string hypothesis to a real solution was observed numerically also in other sectors 
|12] . Thus, in order to study the completeness of the Bethe ansatz, it is fundamental to 
show whether the number of such new real solutions that appear after some complex 
solutions collapse corresponds to the number of the missing complex solutions. 

It is known that every solution of BAE is characterized by a set of quantum 
numbers. If the quantum numbers of a complex solution are known, we can 
numerically evaluate its deviations from the ideal form of strings even though they are 
very small |14j . However, no general rule is known how to give quantum numbers for 
the physical solutions of BAE. It is thus quite important to determine the quantum 
number of any physical solution of BAE exactly. 

In the present paper we rigorously derive all the quantum numbers for a complete 
set of the Bethe-ansatz eigenvectors in the sector of two down-spins in the spin-1/2 
XXX chain of any chain length TV. We first recall that any complex solution with 
two down-spins is expressed in terms of two real parameters m- We solve BAE with 
respect to one of the two parameters and introduce functions which give quantum 
numbers as their special values. We show that they are monotonic and give the 
upper and lower bounds to them analytically. We thus obtain the quantum numbers 
both for real and complex solutions in the sector without making any assumption. 
Consequently, we prove the completeness of the Bethe-ansatz in the two down-spin 
sector for any system size TV analytically via the Bethe-ansatz equations. Furthermore, 
we derive an exact expression for the number of missing complex solutions in the sector 
and that of new real solutions generated after the collapse of complex solutions occurs. 
We observe that they are equal to each other in the sector for any chain length TV: 
2[(TV — l)/2 — ( N/n ) tan _1 (\/TV — 1)] in terms of Gauss’ symbol. Here we remark 
that the formula has also been obtained independently by Caux [l3j . Furthermore, we 
prove the scheme for solving all complex solutions conjectured by Takahashi rigorously 
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in the two down-spin sector. In particular, we derive the relation of the Takahashi 
quantum numbers to the Bethe quantum numbers, which we shall define, shortly in 
Introduction. Here we make an only one assumption in the paper that the deviations 
of complex solutions from the complete form (i.e. the string deviations) are very small 
when we define the Takahashi quantum number. However, the relation between the 
Bethe and Takahashi quantum numbers is valid even when the deviations are not 
very small. Based on Ref. [14] we suggest that the result could be related to the 
characterization of solutions of BAE with rigged configurations 
Moreover, we confirm some features of complex solutions analytically such as singular 
string solutions EH HD 1231211 M M HE M El] and the large-./V behavior of complex 
solutions [32] [551 j34j [35]. Finally, we suggest that we can derive the quantum numbers 
of complex solutions with two down-spins for the spin-1/2 XXZ chain, for instance, 
in the gapful antiferromagnetic regime, by applying the method in the present paper. 
There are earlier studies on the string solutions of the XXZ spin chain [351 [33 ESI S3] ■ 
Let us introduce the Bethe-ansatz eqautions for the XXX spin chain. In the M 
down-spin sector they are given for M rapidities Ai, A 2 ,..., A m in the multiplicative 
form as follows. 


/ A a + i/ 2 \ _ -| r A a — Afi + i 

\Aa — */2y 0 =1;/3 _£ a — ~ * 


for a = 1 , 2 ,..., M. (1.1) 


By taking the logarithm of the both hand sides of ED and expressing the logarithmic 
function of a complex argument in terms of the arctangent function as shown in eq. 
(IA.1I) of Appendix A we have 


27T 

2 tan -1 (2A a ) = —. 


M 


( 1 . 2 ) 


Here we call J a the Bethe quantum numbers [T2] - They are given by integers or 
half-integers according to the condition 

J a = i(7V-M + l) (modi). (1.3) 

In the paper we take the branch of the arctangent function: — 7 r /2 < tan -1 x < 7 t /2 
for any x £ R, and hence we do not assume any additional integral multiple of 2ir in 

CU- 

In the string hypothesis we assume that any solution to the Bethe-ansatz 
equations ra is given by a sequence of n complex numbers which are different 
from each other by integral multiples of an imaginary number such as i, at least 
approximately: 

Kk =x™ + ^(n + l-2k) + A™ k for k = l,2,...,n. (1.4) 

We call the set of rapidities of the form ra an n-string. We call x™ the center of 
the n-string and the deviations from the complete n-string. Here, suffix a being 
the index to distinguish all the M n strings of the same length A™ fc are the string 
deviations. We remark that a real solution is given by 1-strings, which are given by 
putting n = 1 in (11.41) . In the string hypothesis we assume that the absolute values of 
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the deviations are very small: |A" fe | < 1. In the limit that these deviations vanish, 
A^ fc —> 0, the Bethe-ansatz equations reduce to the convenient form 


tan 1 





jn i 


N N 

fc=1/3=1 

= (1 - $nk) tan^ 1 
H-+ 2tan _1 


2A 


n — k | 
2A 


tan 


-l 


2A 


n + k — 2 


tan 


k\ + 2 


2A 


H- 

(1.5) 


where M down-spins are partitioned into /c-stings with the length of the largest 
string being N s such that hMk = M. The reduced equations (11.511 are called 
the Takahashi (or the Bethe-Takahashi) equations. We now obtain the strictly non- 
repetitive quantum numbers I° al known as the Takahashi quantum numbers, from eq. 
m, which have the following bounds 


I Ii \< \ - 1 - [ 2min (i>*) - hk] Mkj . (1.6) 

We recall that it has not been clearly shown previously how to derive all the 
possible Bethe quantum numbers for the Bethe-ansatz equations m with M down- 
spins even for the M = 2 case. Furthermore, we observe in some examples that the 
same numbers appear in the Bethe quantum numbers for different rapidities, i.e. the 
Bethe quantum numbers are repetitive. However, if we assume the string hypothesis 
then the Takahashi quantum numbers (or the Bethe-Takahashi quantum numbers 
m) are not repetitive, and hence are indeed useful for not only classifying but also 
evaluating solutions to the Bethe-ansatz equations numerically. 

The contents of the paper consist of the following. In section 2 we derive rigorously 
the Bethe quantum numbers for 2-string solutions in the two down-spin sector. In 
section 3 we derive rigorously the Bethe quantum numbers for 1-string solutions in 
the two down-spin sector. Here we extend the parameters of complex solutions to those 
of a pair of real solutions. In section 4 we show some features of 2-string solutions 
with two down-spins. In section 5 we show analytically the relation between the Bethe 
quantum numbers and the Takahashi quantum numbers. We show that the Takahashi 
quantum numbers are distinct, while the Bethe quantum numbers may be repetitive 
although they are distinct as pairs. In section 6 we give some remarks on how far 
we have shown the completeness of the Bethe ansatz, and on suggestions for further 
studies. 


2. Bethe quantum numbers of the complex solutions with two down-spins 

2.1. Assumed form of a 2-string solution 

Le us recall that every physical solution is self-conjugate under complex conjugation 
in the XXX spin chain m- We therefore assume the following form of a 2-string 
solution to the Bethe-ansatz equations dj) in the two down-spin sector (M = 2) : 

Ai = x + — (1 + 26 ), 

A 2 = x — — (1 + 28). 


( 2 . 1 ) 
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Here we assume that both the string center x and the string deviation S are real. 
Moreover, we assume that —1/2 < 6 due to the symmetry between Ai and A 2 . We 
shall consider two regimes of 5: the positive regime with <5 > 0 and the negative regime 
satisfying —1/2 < <5 < 0. The Bethe-ansatz equations in the logarithmic form for a 
2-string with M = 2 are explicitly given by 

27 r X 

2 tan -1 (2x + *(1 + 2<5)) = — Ji + —2 tan -1 (*(1. + 25)) , (2.2) 

27 r 1 

2 tan ” 1 (2x-*(1 + 25)) = — J 2 + — 2 tan " 1 (-*(1 + 25)) . (2.3) 

Let us now solve the Bethe-ansatz equations m and (12.31) analytically without 
making any approximation. We introduce the step function H(x) by 


H(x) 


1 for x > 0 
0 otherwise . 


(2.4) 


We also define sign functions sgn(x±) by sgn(x + ) = 1 — 2 H(—x) and sgn(x_) = 
2 H(x) — 1, respectively. By applying the expression of the arctangent function with a 
complex argument given in eq. (IA.4I) we calculate the left-hand side of (12.2|l as follows. 


2 tan 1 {2x + *(1 + 25)) = tan 1 ^ ^ J — tan 1 

+ *H(S),gn(x + ) + ■ (2 ' 5) 

Here we have considered H{— 2 — 25) = 0 since 5 > —1/2. Moreover, in the paper we 
assume the branch of logarithmic function log z satisfying |31ogz| < 7 r, which is given 
by setting n = 0 in (1A.1I) . if we do not specify it otherwise. 

Let us define counting functions Z±(x, 5), which are functions of the two variables, 
string center x and string deviation 5, by 

2? tZ±(x,6) = nH(S) ^sgn(x±) - (±1)-^ 

+ ta ”~' (its) - ton ~‘ (!) • < 2 ' 6 > 


Through (12.51) we show that the first BAE (12.21) holds if the following equations are 
satisfied: 


277 - 

jj-Ji = 2nZ + (x,S), 


log 


5 2 


+ (1 + 5) : 


= jv los 


5 2 


(1 + 5) 2 


(2.7) 

( 2 . 8 ) 


Applying formula (12.51) to the second BAE (12.31) . where we only replace i with —i, we 
show that it holds if eq. (12.81) and the following equation are satisfied: 


‘2'jr 

— J 2 = 2 t tZ_(x,S) . 


(2.9) 


Thus, BAEs ( 12 . 21 ) and (12.31) are derived from the three equations (12.71) . (12.81) and (12.91) . 
and if we take the branch of log z with |Im log z\ < ir, they are equivalent to the BAEs. 

For the 2-string solutions the Bethe quantum numbers J\ and J 2 are not 
independent of each other. By taking the difference of (Ell) and El for x ^ 0 
we have the relation between them. 


J 2 = Ji + H(5). 


( 2 . 10 ) 
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We now express the square of string center x 2 as a function of string deviation 6. 
By taking the exponential of (12.81) we have 

x 2 + 8 2 ( 6 2 ' 1/N 


x 2 + (l + S ) 2 V( 1 + <5) 2 , 

We therefore obtain the following expression of x 2 as a function of S: 

(8 2 / (1 + 5) 2 ) 1/N — < 5 2 /(1 + < 5) 2 


= (i + sy 


l-(8 2 /(l + 8) 2 ) 1/N 


( 2 . 11 ) 


( 2 . 12 ) 


2.2. Cases of the string deviation being real 

In order to parametrize string deviation 5 we introduce variable 0 by 

«=— + § 08 >0). (2.13) 

For positive 8 (8 > 0) we have /3 > 1, while for negative <5 (—1/2 < 8 < 0) we have 
0 <0 < 1 . 

We define an important variable w by 

W = (1 + 8) 2 ' ^ 2 ' 14 ^ 

In terms of 0 we have w = (0 — l) 2 /(1 + 0) 2 . For 8 > 0, variable w increases from 0 
to 1 as 0 increases from 1 to oo. For —1/2 < 8 < 0, variable w increases from 0 to 
1 as 0 decreases from 1 to 0. We shall show later that the 2-string solution collapses 
when 0 approaches 0 (8 = —1/2). 

It follows from (12.121) that ratios £ 2 /(l + 8) 2 and x 2 /8 2 are expressed as functions 
of single variable w. 


,1/JV _, 


.jl/N-l _ x 


(1 + 6) 2 1 - w l / N ’ 8 2 1 - wC N ' ^ 2 ' 15 ^ 

We now consider four cases with respect to string deviation 8 and string center x: 
(i) 8 > 0 and x > 0; (ii) 8 > 0 and x < 0; (iii) 8 < 0 and x > 0; (iv) 8 < 0 and 
x < 0. By taking the square roots of x 2 /(l + S) 2 and x 2 /5 2 ratios x/{l + 8) and x/8 
are expressed in terms of ei = ±1 and £2 = ±1 as 


x , . w x / N — w x w 1 / Ar : —1 

T Ts iw) = = i _ ro i/~ ■ 


( 2 . 16 ) 


In terms of signs ei and £2 in (12.161) we specify cases (i), (ii), (iii) and (iv) with 
(ei,e 2 ) = (+,+) , (—,—), (+,—) and (—,+), respectively. Consequently, we have 
8/(1 + 8) = e\tiw x l 2 and we can express <5 as a function of w. 

8 = - --— Yp2 _ 1 • ( 2 - 17 ) 

1 — €162 W 1IZ 

We define Q(w) by 

©H = tan" 1 “ tan_1 (f H) • ( 2 - 18 ) 

Thus, by solving the constraint (12.81) in terms of w, we express the counting functions 
Z±(x,5) as Z±(x(w),5(w)) as functions of w for 0 < w < 1. 

2? tZ±(x(w), 8(w )) = Q(w)+nH(8(w)) ^sgn(x(ui) + 0±) — (±1)—J .(2.19) 
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Through direct calculation we can show 

dQ ei(l — w)(w 1 ^ N ~ 1 ^ 2 — 1) + C 2 -/V(l — u; 1/,2 )(l — w 1 ^) 
dw 2N(1 — w)^J{ 1 — w 1 / N )(w 1 / N ~ 1 — 1) 

It is easy to show that 

(1-w){w 1/n ~ 1/2 -1)+N(1-w 1/2 ){1-w 1/n ) >0 for 0 < w < l.(2.21) 
Furthermore, we can show the following lemma (the proof is given in Appendix B). 
Lemma 2.1 For 0 < w < 1 we have 

(1 - w)(l + w 1/N ~ 1/2 ) - N{ 1 + w 1/2 )(l - w 1/N ) > 0 . (2.22) 


It follows from (12.201) . (12.211) and (12.221) that we have either dQ/dw > 0 or 
dQ/dw < 0 in each of the four cases from (i) to (iv). If dQ/dw > 0, the lower 
bound (or the minimum) and the upper bound of function Q(w ) are given by the 
limiting value of Q{w = 0) when we send w to zero with w > 0 and that of Q(w = 1) 
when we send to to 1, respectively. If dQ/dw < 0, the upper bound and the lower 
bound (or the minimum) of function @(ru) are given by the limiting value of Q(w = 0) 
when we send w to zero with w > 0 and that of Q(w = 1) when we send ro to 1, 
respectively. 

By making use of the positivity (or negativity) of the derivative of the counting 
function Z±(x(w), 6(w)) with respect to w we have the following results. 

Case (i): <5 > 0 (i.e., 1 < /3) and x > 0 


N 

T 


1 T N 1 
— — — — — 

2 - 1 2 2 


Case (ii): 5 > 0 (i.e., 1 < /3) and x < 0 


N 

~2 


1 r N 


1 

2 ' 


Case (iii): 6 < 0 (i.e., 0 < /3 < 1) and x > 0 . 

— < Ji < — tan -1 (VAC — i). 
4 7T 

Case (iv): 5 < 0 (i.e., 0</?<l)x<0 


(2.23) 


(2.24) 


(2.25) 


-tan 1 (VAC — 1) < ,/| <-. (2.26) 

7T 4 

Here we recall that the quantum numbers J a are given by integers or half-odd integers, 
which satisfy the condition m- 


2.3. Exact number of missing 2-string solutions 

We now derive analytically an exact expression for the number of missing 2-string 
solutions in the XXX spin chain of N sites, N m i SS i ng . Here we remark that it is easy 
to show the following inequality: 

— tan -1 (VAC — 1) < ——— for N > 2. (2.27) 

7T 2 

We also remark that when J < (N — 1)/2 the largest Bethe quantum number J 
satisfying the condition m is given by J = (N — 3)/2 both for even N and odd N. 

In the case (iii) when S < 0 and x > 0 the Bethe quantum number J\ has the upper 
bound (N/tt) tan” 1 (VA r — 1). It corresponds to the case of [3 = 0 (i.e. S = —1/2), 
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which does not happen for any finite-size system. Therefore, if the upper bound is 
equal to the largest possible quantum number (TV — 3)/2, the 2-string solution does 
not exist. Thus, the number of missing 2-string solutions in the case (iii) is given by 
[(TV — 3)/2 — (N/tt) tan _1 (\/TV — 1) + 1], Here, the symbol [x] denotes Gauss’ symbol, 
which expresses the largest integer that is less than or equal to x. 

By arguing the case (iv) similarly, we obtain an exact estimate N m i SS i ng for the 
number of missing 2-string solutions in the XXX spin chain with TV sites as follows. 


N ■ ■ — 2 

1 y missing " 


TV- 1 


— tan 1 (s/N — 1) 


(2.28) 


Here we recall that [x] denotes Gauss’ symbol. 


2.f. Critical lattice size for the collapse of a 2-string solution 

We now derive the critical lattice size TV for which the number of missing 2-string 
solutions becomes larger or equal to 1. We define TV C as follows. For TV < TV C we have 
Nmissing = 0, while for TV > TV C we have N m i SS i ng > 1, i.e. the number of missing 
2 -string solutions becomes nonzero. 

It was first shown by Essler, Korepin and Schoutens that the critical lattice size 
TV C is given by N c = 22 [16]. We confirm it by making use of (12.281) as follows. For 
TV = 22 we have the largest Bethe quantum number J\ = (TV — 3)/2 = 19/2 = 9.5. 
On the other hand, by putting TV = 22 in (12.281) we have 
22 

— tan _1 (\/22 — 1) = 9.49545 , (2.29) 

7r 

which is slightly smaller than 9.5. Moreover, it is straightforward to show that 
Nmissing = 0 for TV < 22. Therefore, the critical lattice size TV C is given by TV C = 22. 


3. Bethe quantum numbers of the real solutions with two-down spins 


3.1. Real solutions corresponding collapsed 2-string solutions 


Let us extend the string deviation 6 to complex values by substituting /? = Ty with 
7 > 0 in (12.131) as follows. 

s =-\ + b- (3 - 1} 

We now search for real solutions consisting of two rapidities of the following form: 

Ai = x + i( 1 + 2<5) / 2 = x — 7 , 

A2 = x — i{\ + 2(5) / 2 = x + 7. (3-2) 


We call parameter x the center and 7 the deviation of a real solution with two-down 
spins, Ai and A 2 . 

By expressing the arctangent functions in terms of the logarithmic functions 
through (IA.3I) with b = 0 we first show 


2 tan _ 1 ( 2 x + i(l + 26)) = 
1 / 1 + *( 2x — 7 ) 

~ 7 ° S Vl-i(2®-7) 

1 f 1 + i(2x — 7 ) 
“ 2 i l0g \1 — i(2x — 7 ) 


2 tan 1 (2x —7) 


7 log 


/1 + i(2x + 7 )^ 
\1 — f(2x + 7)/ 
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s log 


l + i{2x — 7 )\ 1 


1 — i(2x — 7 ) 


-2 i log 


1 + i(2x + 7 ) 
1 — i(2x + 7 ) 


1 


= tan 1 (2x + 7 ) + tan 1 (2x — 7 ) + — log 


2i 


(1 — i'y) 2 + 4x 2 


(1 + ij) 2 + 4a ; 2 


(3.3) 


By making use of (13.311 we have 


2 tan L (2x + i(l + 26)) — — 2tan i (*(l + 2<5)) 
= tan _ 1 ( 2 x — 7 ) + tan -1 (2x + 7 ) 




(1 — i'y) 2 + 4x 2 


-v log 


(1 - n ) 5 


(3.4) 


(1 + T 7) 2 + 4x 2 , 

We now define a counting function W ( x , 7 ) by 

27 tW{x, 7 ) = tan _ 1 (2x — 7 ) + tan _ 1 (2x + 7 ). (3.5) 

The Bethe-ansatz equations (12.21) and (12.31) with the complex-valued string deviation 
8 631) are expressed as follows. 

2n 


TV 


Ji = 2i tW (x, 7 ) 


“sl log 


(1 + * 7) 2 + 4x 2 
(1 — * 7) 2 + 4x 2 


27T 

TV 


J 2 = 2ttW(x, 7 ) 


+ ^|!oe 


(1 + T 7) 2 + 4x 2 


-v log 


-V log 


(l + »7) s 

(1 - i 7 y 


(1 + ilf 

(1 - i'yf 


(3.6) 


(3.7) 


_ (1 — i'y) 2 + 4x 2 , 

Here we remark that when we take the TVth root of a complex argument of log z, we 
may introduce an TVth root of unity with an integer n as follows. 

l/JV'l 


1 

TV 


log 


(l + »7) 

(1-n) 2 


= log < exp 


/ 2irin\ f (1 + i'y) 


V N ) 


(1 -*7 ) 2 


(3.8) 


Suggested by the above remark, we now assume the following relation for m = 
1 : 


(1 + i'y) 2 + 4x 2 
(1 — i'y) 2 + 4x 2 


= exp 


/ 2irim\ 


(i+ii) 2 ) 1/N 

(i-i 7 ) 2 J 


(3.9) 


It follows that the Bethe-ansatz equations (13.61) and (13.71) are derived from eq. (13.91) 
and the following equations for m = 0,1,..., TV — 1: 


27r 

— Ji =2 ttW(x,7), 


(3.10) 

Ji = J 2 — m . (3-11) 

We now solve constraint m on center x and express x as a function of 7 with 
7 > 0. Let us introduce variable ip by ip = tan -1 7 . It satisfies 0 < ip < 7 r/ 2 . From 
m we express the square of center x 2 as a function of ip as follows. 

1 sin (2ip — (2ip + rmr)/N) 


\v) = 


(m = 0,1,..., TV-1). (3.12) 


4cos 2 p sin ((2<p + mn)/N) 

In subsections 3.1 and 3.2 we consider only the case of m = 0 and show that the 
number of real solutions with to = 0 is equal to the number of missing complex 
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solutions. However, the solutions for other values of m correspond to the standard 
real solutions with two 1-strings, as we shall see in section 3.3. We thus derive all 
the quantum numbers in the two down-spin sector including both real and complex 
solutions, simply by extending the string deviation 5 into pure imaginary values. 

If we put m = 0 in (13.121) . it is clear that the right-hand side is positive for the 
whole range of p: 0 < p < tt/2. Thus, by introducing the sign factor: 63 = ±1, the 
center x(p) as a function of ip is given by 


x(p) 


£3 / sin (2p(l - 1/AQ) 

2 costly sin (2 p/N) 


(0 < <p < 7t/2) . 


(3.13) 


We shall consider two cases: (v) x > 0 (53 = +1) and (vi) x < 0 ( 63 = —1). Through 
direct calculation we derive 

d 2 sin(2p/N) cos(y> — 2p/N) — (1/iV) sin(2y>) cos:/? 
dp 2 cos 3 sin 2 (2 p/N) 


By proving explicitly that the enumerator of (13.141) is positive for 0 < p < 7 t /2 we 
show that the square of center, x(p) 2 , is monotonically increasing: 


-^-x 2 >0 for 0 < p < tt/2 . (3.15) 

d(f 

In order to show the monotonicity of the square of center x{p) 2 in shown (13.151) we 
make use of an inequality: cos(p — 2 p/N) > cosp for 0 < p < 7 r /2 and the following 
lemma: 


Lemma 3.1 For a satisfying 0 < a < 1 we have 
sin ax > asinx (0 < x < tt). 


(3.16) 


We show lemma l3Jl bv taking the derivative of (13.161) with respect to center x. 

It thus follows from (13.151) that we have the minimum value of the square of center 
x(p) 2 when we send p to zero. 


lim x{p) 2 


1 1 - 1/IV 
4 l/N 


N- 1 
4 


(3.17) 


The value of x(p) 2 becomes infinite as we send p to n/2. 

We define n(p) by n(p) = 2 ttW(x(p), j(p)) 

k(p ) = tan^ 1 (2x(y>) — 7 ( 1 ^)) + tan - 1 (2x(</?) + 7 ((£>)). (3.18) 


We calculate the derivative of n(p) as 


, 4(1 + 4x 2 +7 2 )^-8x 7 ^ 

dn _ dp dp 

dp {( 2 x - 7 ) 2 + 1}{(2x + 7 ) 2 + 1} 

(4x 2 + 1 / cos 2 9 ?) x 2 — 4x 2 

_ dp cos 3 p 

x /2 {( 2 x — 7) 2 + 1 } {( 2 x + 7) 2 + 1 } 

We shall show in Appendix C the following inequality: 



cos 2 p 


d 2 a 
— x > 4x 
dp 


2 siny; 
cos 3 p 


(0 < p < tt/2) . 


(3.19) 


(3.20) 


It follows that for x > 0 the derivative of n(p) is positive for 0 < p < tt/2 while for 
x < 0 the derivative of n(p) is negative for 0 < p < tt/2. Hence, the minimum and 
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the maximum values of n(ip) for x > 0 are given by k( 0 ) and k(tt/2), respectively, 
while the minimum and the maximum values of K(ip) for x < 0 by k(tt/2) and k( 0 ), 
respectively. 

We now consider the case of x > 0. We calculate k(tt/2) by sending ip to 7 t/2 
with ip < tt/2. In the limit of sending ip to n/2 the term 2x(<p) + j((p) approaches oo 
and hence we have 


lim tan 1 (2x(<p) + 7(</?)) = 7 r /2 . 

<p—rrr/2 


(3.21) 


For the term 2x — 7 , by putting ip = 7 r /2 — e into it and by expanding it in terms of e 
we show 


3 lim 2*M-7M = cot(£) . 


(p—>n/2 

We remark that cot a: = tan( 7 r /2 — x). We therefore have 

7 r 

2 


4".“^ = (I - v) 


= 7 r — 


7T 

N 


(3.22) 


We calculate k( 0) by sending ip to 0 with ip > 0. 

lim n(ip) = 2tan~* (^y/N — 1^ . 

We thus have the following results. 

Case (v) : x > 0 with 6 = (—1 + i'j)/2 

— tan _1 (\/]V r ^ _ T) < J\ < ^ \ 

7r Z Z 

Case (vi) : x < 0 with S = (—1 + ij)/2 

- ^ i < Ji < -—tan ~ 1 (y/N - 1) 

Z Z 7T 

Here we assume that if tp = 0 we have a real solution with a pair of the same rapidities. 


(3.23) 

(3.24) 

(3.25) 

(3.26) 


3.2. Number of new real solutions corresponds to that of missing 2-string solutions 


In the case (v) when x > 0 with complex-valued deviation S, the largest Bethe quantum 
number J\ is given by (N — 3) /2 both for even and odd N , as shown in subsection 
2.3. Here the smallest Bethe quantum number is given by an integer or a half-integer 
greater than or equal to (iV/ 7 r) tan -1 (y/N — l). Therefore, the number of new real 
solutions in the case (v) is given by N new = [(N — 3)/2 — N/irtscar 1 {y/N — l) + 1]. 

Similarly, we have in the case (vi) when x < 0, we have the number of new real 
solutions \(N — 3)/2 — TV/ 7 rtan _1 ( y/N — l) + 1], In total, we have the same number 
in the case of (vi). 

Combining two cases (v) and (vi) we give the number of new real solutions is 
given by 


N — 2 

1 y ne.w — ^ 


TV — 1 


— tan 1 (\/ IV — 1) 


(3.27) 


Thus, the number of missing complex solutions is exactly equal to the number of 
new real solutions. Moreover, the new real solutions have the same Bethe quantum 
numbers with those of the missing complex solutions. 
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In the case of m ^ 0 such as m = 1, 2,..., TV — 1 for eq. (13.121) we express x(<p) as 
follows. 


x((p) = 


£3 /sin (2p — (2p + mn)/N) 


2 costpV sin ((2p + rmr)/N) 

Since x(p) 2 must be non-negative, the range of parameter p is given by 

TO7T 7r 


2(7V — 1) "^2 


for m = 1, 2,..., TV — 1. 


(3.28) 


(3.29) 


Here we do not consider the case of m = TV — 1 since there is no range for p satisfying 
(13.291) . We denote the minimum value of p by p m in' V — TO7t/2(TV — 1). By taking 
the derivative of the square of center x{p) 2 with respect to variable p, we have 

sin {{2p + mir)/N) cos(y> — (2p + mir)/N ) — (1 /TV) sin(2<^) cos p 
2 cos 3 </?sin 2 ((2(/3 -f rmr)/N) 

(3.30) 

Proving explicitly that the enumerator of (13.301) is positive for rmr/(2(N — 1)) < 
p < 7 t/2 in Appendix C, we show that the square of center, x(p ) 2 , is monotonically 
increasing in the region: p m i n < p < 7r/2: 

d o „ m 7T 

< p < 7t/2 . 


—x? > 0 


for 


dp ' ” 2(7V - 1 ) 

In order to show (13.311) we make use of an inequality: 


cos ^ p 

and the next lemma. 


2p + TO7T 

N 


> cosy? for 


TO7T 7T 

2(7V- 1) <lp< 2' 


(3.31) 

(3.32) 


Lemma 3.2 For any given real number N satisfying N > 1 we have 


Sill 


2{p + mir) 

TV 


1 TO7T 

/or 


< p < 


(3.33) 


We can prove lemma I5~21 bv taking the derivative of (13.331) with respect to center x. 
It follows from (13.321) and (13.331) that we have the following inequality: 


sin 


2{p + m7r) 


TV 


for 


cos yp - 
m 7r 


2 p + UITT 

TV 


> — sin 2p cos p 


2(TV — 1) <i(>< 2' 


(3.34) 


It follows that inequality (13.311) holds, and hence the square of center x(p) 2 is 
monotonic increasing. 

We define function n(p) by (13.181) also for the cases of m = 1, 2,..., TV — 1. Here 
we recall that the derivative of n(p) with respect to p is given in eq. (13.191) . We shall 
show in Appendix D the following inequality for m = 1, 2,..., TV — 2: 


4a ; 2 


1 


cos 2 p J dp 


dr, 0 sinw 
— x 2 > 4a : 2 


cos 3 p 


f » 2(F^)^<|-< 3 ' 35 ) 
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It therefore follows that k(<p) is monotonically increasing function in the interval with 
7 t/( 2 (TV — 1)) < </? < 7 r/ 2 . 

We consider case (vii) when x > 0 and case (viii) when x < 0. For i>0we can 
show that the derivative of n{ip) is positive for (p m i n < p < w/2. Hence, the minimum 
and maximum of k(<p) are given by K(tp m in ) and k(tt/2), respectively. We calculate 
k(tt/2) by sending <p to n/2 with <p < -jt/2. In the limit of sending ip to 7 r /2 the term 
2 x(ip) + 7 (ip) approaches infinity, and hence we have 

lim tan -1 (2 x(ip) + j(<p)) = 7 r /2 , (3.36) 

ip—yn/2 

For 2x — 7 , by putting ip = 7 r /2 — e and expanding <|3.28(1 with respect to e, we show 

, , , . ((m + l)7r\ 

J^/2 2x ^ _ 7(^) = cot (- Jf - J- (3-37) 

Hence we have 

= (3.38) 

We calculate K(ip min ) by sending <p to (p min with ip > ip min . 


lim n((f) = 0 . (3.39) 


We therefore have the following results. 
Case (vii): x > 0 with complex deviation 
m N 1 

Case (viii): x < 0 with complex deviation 
N 
~ ~2 

Combining case (vii) and (viii) we have 


1 m 

~<Jl< - 7T 

2 2 


N 1 T TV 1 
—+ — x — m. 

2 2 2 2 


(3.40) 


(3.41) 


(3.42) 


Here we recall that J 2 is given by eq. (13.111) : J 2 = J\ + m for m = 1, 2,..., N — 1. 
It is easy to show that the set of the Bethe quantum numbers J\ and J 2 satisfying 
(13.42[) corresponds to the set of J\ and J 2 satisfying the following conditions: 


TV-2 
2 


< Ji < J 2 < 


N — 2 
2 


(3.43) 


They are nothing but the conditions of the quantum numbers for the standard 1- 
string solutions with M = 2 mm- Here we remark that when N is even JjS are 
half-integers and hence Jj < (N — 2)/2 — 1/2 = (TV — 3)/2, which is equivalent to 
Jj < (TV — l)/2. 

It is easy to show that the number of pairs J\ and J 2 satisfying (13.111) and (13.421) is 
given by (TV —2)(TV —3)/2, which coincides with the number of 1-strings in the M = 2 
sector expected by the string hypothesis. Thus, by deriving all the Bethe quantum 
numbers J\ and J 2 exactly, we have shown the number of standard real solutions in 
the two down-spin sector. Moreover, it is consistent with the string hypothesis. 
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We now show that when N is given by N = 4n with an integer n, the Bethe quantum 
numbers {J\,J 2 ) = (1V/4 — 1/2, iV/4 + 1/2) and (—1V/4 — 1/2, — N/4 + 1/2), which 
correspond to the cases (i) and (ii), respectively, give the singular string solution 
(Ai, A 2 ) = {i/2, —i/2). We also show that when N is given by N = 4n + 2 with an 
integer n, the Bethe quantum numbers (Ji, J 2 ) = {N/4, N/4) and (— N/4, — N/4), 
which correspond to the cases (iii) and (iv), respectively, give the singular string 
solution (Ai, A 2 ) = (i/2,— i/2). 

For N = 4n we have N/4 —1/2 = n — 1/2, and it is a half-integer. Since N and 
M are even, the Bethe quantum numbers J\ and J 2 are given by half-integers. Thus, 

Ji = iV/4 — 1/2 (mod 1), and hence Ji can take the value 1V/4 — 1/2. In the limit of 
sending the string deviation S to 0 with S > 0 we have 

w— >-0;u)>0 

= ( sgn(l) - v) +to "~' (lTaW) (fw) 

= ^ ^tt(1 - Jj) Ttan-^O) -tan^(oo)^ 


Here we have made use of the small w-behavior: 

x/{l + S) txw 1 /™ (iu< 1), x/6 « {w < 1). (4.2) 

We have J 2 = J\ + 1 since S > 0. We have J 2 = J\ + 1 = N/4 + 1/2. Thus, we have 
derived the singular solution by sending the string deviation S to 0 with S > 0. By 
setting e = m; 1 / 2 ^, we have 

Ai = e + i/2 + ie N , X 2 = e — i/2 — ie N . (4.3) 


It is nothing but one of the regularization schemes for the singular string solution, 
where we send the positive small parameter e to zero. 

In the case of (Ji, J 2 ) = {—N/4 — 1/2,—AT/4+ 1/2), we consider case (ii) 5 > 0 
and x < 0. We derive J\ — —N/4 — 1/2 from the following limit: 

Jfcol; ( sgn(l) “ v) +t “' 1 (ttj ( '" ) ) _t “ _1 (f<»)) 

= ^ ( 7r ^ _1 ~ ^ + tan_1 ( 0 ) _ tan -1 (— 00 )^ 

= -^-i. (4. 

4 2 v 

We thus obtain J\ = —7V/4 — 1/2. By setting e = w 1 ^ 2N we have 

Ai = — e + i/2 + ie N , X 2 = — e — i/2 — ie N . (4.5) 


Here, the string center x is negative: x = — e and we send the small positive parameter 
e to zero. 

Similarly, we can show that for N = 4n + 2 with an integer n, the Bethe quantum 
numbers (Ji, J 2 ) = {N/4,N/4) and {—N/4,—N/4) give the singular string solution: 
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(Ai, A 2 ) = (i/2, —i/2), by considering cases (iii) <5 < 0 and x > 0 and (iv) S < 0 and 
x < 0, respectively. In the case of (Ji, J 2 ) = (AT/4, AT/4), by setting e = w 1 ' 2N we 
have 

Xi = c + i/2 — ie N , X 2 = e — i/2 + ie N . (4.6) 

Here, the string center x is positive: x = e, while the string deviation S is negative: 

S = — e N , and we send the small positive parameter e to zero. 

In the case of (Ji, J 2 ) = (-N/4, — iV/4), by setting e = w 1 ^ 2N we have 

Ai =- e + i/2-ie N , X 2 = -e - i/2 + ie N . (4.7) 

Here, the string center x is negative: x = —e, and the string deviation 5 is negative: 

S = — e N , and we send them to zero. 

Here we remark that it has been observed through numerical solutions that the 
different quantum numbers correspond to the same singular string solution GE3H2]. 
However, we have derived the four different sets of the Bethe quantum numbers 
corresponding to the same singular string solution, by solving the Bethe-ansatz 
equations in the logarithmic form with an analytic approach of sending the string 
deviation 6 to zero. We recall that it is not possible to put 5 = 0 directly in the BAEs. 
Hence, the singular string solution is different from the standard generic solutions of 
the BAEs. It satisfies the BAEs only in the limiting procedure. 


4-2. Large-N behavior of 2-string solutions 


Let us consider case (i) when S > 0 and x > 0. We first recall (12.151) . Sending w to 1 
we have 

lim 2 = y/N — 1. (4.8) 

w —>1 0 

When w is close to 1, both x and 6 are very large and we have x ~ y/N — 15. Secondly, 
the largest Bethe quantum number J± satisfying (|2.28l) is given by (N — 3)/2. Putting 
J\ = (N — 3)/2 in to (|2.7I) we have 

O7r 

— — = tan _1 (:r/(l + 5)) — tan _1 (x/5). (4.9) 

Assuming that x is large we apply the expansion: tan _1 (a;) = ir/2 — 1/x + ■ ■ ■, and we 
evaluate x as x « N/2n. Thus, for Ji = (TV — 3)/2, we have 


5 w 


y/N 

2i r 


(4.10) 


5. Completeness of the Bethe ansatz in the two down-spin sector 

5.1. Enumeration of collapsed and non-collapsed 2-string solutions 

Let us now enumerate the number of solutions in the cases (i) to (vi). We combine 
the case (iii) with the case (v) and the case (iv) with the case (vi). 

(A) : N = 4n 

We have one singular solution for either the case (i) or (ii), and n — 1 generic 
solutions in each of the four cases, i.e., the cases (i), (ii), (iii) & (v), and (iv )& (vi). 
In total, we have N — 3 solutions, since 4 (n — l) + l = 4n — 3 = N — 3. 

(B) : N = 4n + 1 
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We have no singular solution, and n generic solutions in the cases (i) and (ii), 
n — 1 generic solutions in the cases (iii) & (v) and (iv) & (vi). In total, we have TV — 3 
solutions, since 2n + 2 (n — 1) = 4n — 2 = IV — 3. 

(C) : TV = 4n + 2 

We have one singular solution in either the case (iii) or (iv), n generic solutions 
in the cases (i) and (ii), and n — 1 generic solutions in the cases (iii) and (iv). In total, 
we have TV — 3 solutions, since 2 n + 2 (n — 1) + 1 = 4n — 1 = TV — 3. 

(D) : TV = 4n + 3 

We have no singular solution, and n generic solutions in each of the four cases. 
In total, we have TV — 3 solutions, since 2n + 2n = 4n = TV — 3. 

Thus, we have shown that there are (TV — 3) 2-string solutions for any number of 
the lattice size TV. 


5.2. Completeness through enumeration of the Bethe quantum numbers 

We have (TV — 2) (TV — 3)/2 solutions for the 1-string and TV — 3 solutions for the 
2-string. In total we have 

(TV - 2)(TV — 3)/2 + TV — 3 = TV(TV - 3)/2 

= TV(TV — l)/2 — TV 

= nC2 —n Ci (5.1) 

The number is consistent with that of the string hypothesis, which is given by the 
number of highest weight vectors under the total spin SJJ (2) symmetry. 


5.3. Analytic derivation of the Takahashi quantum numbers 

Let us assume a 2-string solution Ai = x + i{l + 26)/2 and A 2 = x — i(l + 26)/2. We 
define the Takahashi quantum number I for the solution by 


2 tan 


-1 


l + <5 


= ^7. 

TV 


We can show 


lim 2 tan 

w —>0 


-1 


x(w) 


= 2nN(Ji + J 2 ) - 7TSgn(:r). 


(5.2) 


(5.3) 


1 + 6(w) / 

Therefore, we have the relation between the Takahashi quantum numebers / and Bethe 
quantum numbers J\ and J 2 as follows. 


TV 

/ = Ji + J 2 - —sgn(x) . 


(5.4) 


Let us now explain the derivation of the limit (15.31) . For 2 tan 1 2Ai we recall eq. 
m • For 2 tan 1 2 A 2 we have the following. 

2 tan -1 2 A 2 = 2 tan -1 (2x — i( 1 + 2(5)) 

*- 1 - tan- I Sj 


= tan 


-1 


1 + 6 


(!) 


1 


+ TrH(6)sgn(x + ) + — log 
Zl 


6 2 


x 2 + (1 + sy 


(5.5) 






Exact quantum numbers of collapsed 2-string solutions 


17 


We therefore have the following: 

2 tan -1 2Ai + 2 tan -2 2 A 2 

= 2 tan -1 (2x + i( 1 + 25)) + 2 tan~ : (2x — i( 1 + 25)) 

= 2tan~ 1 - 2 tan -1 + 7i\ff(5)sgn((x + ) + sgn(x_))(5.6) 

Here we remark that when 5 is very small, then w is also very small since we have eq. 
(12.1511 . When we take the limit of sending w to zero, we have 


x I w x / N 1 — 1 

T = e 2l 


1 — w x / N 


62 W 1 / 2N 1//2 (w 


0). 


(5.7) 


Hence we have 

2tan -1 — > 2tan -1 ^( 2 W -l/2 ' Vi ~ 1/2 j = 62n (w —> 0). (5.8) 

Here we recall the relation: €2 = sgn(5)sgn(x). By taking the sum of eqs. (12.21) and 
m we have 


2t r 

2 tan 2Ai 2 tan ^ 2 A 2 = (*/i J 2 ) • 

It follows from eq. m ■ that the left-hand side of eq. m is given by 

2 tan^ 1 2Ai + 2 tan -2 2 A 2 
x 


(5.9) 


= 2 tan -1 
= 2 tan -1 
= 2 tan -1 


1 + 5 

x 

TT5 

x 

T+7 


- 2 tan -1 + 7i\ff(5)sgn((x + ) + sgn(x_)). 

- 7rsgn(5)sgn(x) + 7rff(5)(sgn(x+) + sgn(x_)) 

+ 7rsgn(x). (5.10) 


Here we note 


- 7rsgn(5)sgn(x) + 7riJ(5)(sgn(x + ) + sgn(x_)) 

_ J — 7rsgn(x) + 27rsgn(x) = 7rsgn(x) 5 > 0 , 1 1 . 

[ 7 rsgn(x) 5 < 0 . 1 1 

Through the definition (15.21) we obtain the relation (15.41) between the Bethe quantum 
numbers J\ and J 2 and the Takahashi quantum number I. 

Considering the four cases: (A) TV = 4n, (B) TV = 4n + 1, (C) TV = 4n + 2 and 
(D) TV = 4n + 3, we can show that the Takahashi numbers I of the non-collapsed and 
collapsed 2-string solutions are distinct for all the TV — 3 solutions in any system size 
TV. They are given by —TV/2 + 2, —TV/2 + 3,..., TV/2 — 2 for any integer TV. 


6. Discussion and concluding remarks 

6.1. On the proof of the completeness 

In the paper we have derived the Bethe quantum numbers rigorously for all the 
solutions of the XXX spin chain in the two down-spin sector. 

Since any complex solution with two down-spins is expressed in terms of two real 
parameters we have first solved BAE with respect to one of the two parameters and 
introduced the counting functions which give quantum numbers as their special values. 
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We have shown that they are monotonic by explicitly calculating their derivatives and 
given analytically the upper and lower bounds to them. We have thus obtained the 
Bethe quantum numbers both for real and complex solutions in the two down-spin 
sector without making any assumption. We have thus shown that there are no more 
quantum numbers for physical solutions of BAE. We remark that even for real solutions 
we have sown that no other Bethe quantum numbers exist. 

Moreover, we have shown that the derived set of the Bethe quantum numbers 
give exactly the same number to the dimensions of the vector space spanned by 
the eigenvectors of the XXX spin chain in the two down-spin sector. Therefore, if 
the Bethe-ansatz eigenvectors of the complex and real solutions associated with the 
derived set of the Bethe quantum numbers are linearly independent, then the derived 
Bethe-ansatz eigenvectors give a complete set of the subspace in the two down-spin 
sector. 

It is shown by Slavnov that the inner product of two different Bethe-ansatz 
eigenvectors vanishes pfU] . Therefore, if we assume that the solutions of BAE for the 
derived set of the Bethe quantum numbers are distinct, then they lead to a complete 
set of the eigenvectors in the two down-spin sector. Although mathematically it has 
not been shown, yet, but it is quite likely that the solutions of BAE for the derived set 
of the Bethe quantum numbers are distinct, since the derived set consists of distinct 
pairs of integers or half-integers. 

6.2. Suggestions for further studies 

In the case of three down-spins the parametrization introduced in the paper is still 
useful and we can show some properties of the Bethe quantum numbers such as the 
difference of the quantum numbers associated with the string deviations. Some details 
will be given elsewhere. 

Moreover, we can calculate the Bethe quantum numbers for the XXZ spin chain 
in the two down-spin sector by only slightly extending the method in the paper. For 
instance, we can derive the quantum numbers of 2-string solutions for the spin-1/2 
XXZ chain in the gapful anti-ferromagnetic regime. We consider the XXZ Hamiltonian 
under the periodic boundary conditions: 



( 6 . 1 ) 


where cr“ (a = x, y, z) are the Pauli matrices defined on the jth lattice site. Let us 
express the XXZ anisotropy A by A = cosh£ with £ > 0. The Bethe-ansatz equations 
are given by 



( 6 . 2 ) 


for j = l,2 ,...,M. 


Here the quantum numbers Jj satisfy the condition: Jj = (N — M + l)/2 (mod 1). 
We assume the folowing form of a 2-string: 



(6.3) 
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We can express the string center x in terms of deformation parameter w = tanh(£/2 + 
6)/ tanh(£/2) and z = tanh(£/2). Explicitly, the string center x is given by 


tan 2 x = ^ B ± \Jl3 2 — 
where A, B and C are given by 

A = w 2 (l + wz 2 ) 2 


1 — W 1 — wz* 


1 + w 1 + wz 2 


(6.4) 

- w 2 (l - wz 2 ) 2 , 

i 1 2 \ 2/JV 

1 — W 1 — WZ \ 


B = {(l+w 2 z 2 ) 2 /z 2 + 2w(l+w)(l+wz 2 )} (-—-- 
L J \ 1 + w 1 


WZ' 




- {(1 + w 2 z 2 ) 2 /z 2 - 2w(l - w){ 1 - wz 2 )} , 

/i i 2 \ 2/iV 

r’ /I , X 2 / 1 - ™ 1 - wz- 2 \ 2 

C=(l + w) —— -w -(1-w) . 


1 + w 1 + wz 2 


(6.5) 


We show that string deviation <5 is negative with its absolute value being very small 
in order to make the string center x being real-valued. Some more details will be 
discussed elsewhere. 


Appendix A. Formulas related to the logarithmic function 


For a given nonzero complex number z = a + i/3 where a and j3 are real we express 
the logarithmic function log 2 by 

log (a + i/3) = i ( 9(z) + 2nn) + - log(a 2 + /3 2 ), (A.l) 


where n is an integer (n £ Z) corresponding to the branch of the logarithmic function 
and we express 9(z) as 


9 (a + i/3) 


tan 1 (/3/a) + irH(— a)sgn(/3 + ) for a ^ 0 
sgn(/3 + ) 7 t/2 for a = 0 


(A.2) 


Here we recall that we take the branch: — 7r/2 < tan -1 x < 7r/2 for (x £ R). We 
denote by sgn(a;+) a sign function sgn(x) shifted by an infinitesimally small positive 
number 0+: sgn(x+) = sgn(x + 0+) = 1 — 2 H{—x). 

The function 9(a + i/3) defined by (1A.2I) is continuous at a = 0 as a function of 
a when /3 ^ 0. The range is given by —7r < 9(z) < tv if j3 ^ 0, while if /3 = 0 9(z) = 0 
or 7r for a > 0 or a < 0, respectively. 

We define the arctangent function tan^ 1 (a + ib) for a nonzero complex number 
a + ib where a and b are real by 

tan -1 (a + ib) = — (log(l — b + ia) — log(l + b — ia)) (A.3) 

2i 

Applying formula (IA.1I) to (IA.3I) we have for b ^ ±1 


2 tan 1 (a + ib)= tan 1 


+ nH ( 5 “ 1 ) s S n ( a +) 


+ tan 
+ ^ l0g 


+nH{-b-l)sgn{a-) 

f a 2 + (b- 1) 2 \ 

\a 2 + (b + l) 2 J 


(A.4) 
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In the branch: — it < Imlog.2 < n we can show 

— 7r < Re (2 tan -1 (a + ib)) < n (a ^ 0), 

Re (2 tan -1 (a + ib)) = ±tt (a = 0). (A.5) 

Appendix B. Proof of lemma [2.11 

By dividing each side of inequality (12.221) by (1 + w; 1 / 2 ) we reduce it to the following: 

(1 - w 1/2 )( 1 + w 1/N ~ 1/2 ) > N( 1 - w 1/N ). (B.l) 

Let us define F(w) by F(w) = (1 — w 1 / 2 )(l + w 1 / N ~ 1 / 2 ) — N( 1 — w 1 / N ). By taking 
the derivative we have 

, ,,,l/JV-3/2 / i o \ 

F H =-2— y wl ~ 1/N - 2(1. - ^)w 1/2 + i-—J. ( B - 2 ) 

We define G(w) by G(w) = w 1_1/,JV — 2(1 — l/7V)w 1//2 + 1 — 2/A. The derivative of 
G(w) is given by 

G'(w) = (1 - 1/N)w~ 1/2 {w 1/2 ~ 1/n - 1) (B.3) 

It is clear that G (w) < 0 for 0 < w < 1. Since G(l) = 0, we have G(w) > 0 for 
0 < w < 1. Therefore we have F ( w ) < 0 for 0 < w < 1. Since F( 1) = 0, we have 
F(w) > 0 for 0 < w < 1. Hence, we obtain inequality (12.221) . 


Appendix C. Proof of inequality (13.2011 


Multiplying both hands side of (13.201) by sin 2 (2<p/A) cos 5 ip/ sin ip we show that (13.201) 
is equivalent to 


2 / 2 ip sin2<p 

cos ( y --)-cosc.cos( y -- ) iVBiii(2g/w) 


> si n ((/)s in ( 2 V --J).(C.l) 


Making use of sin a sin /? = (cos(a — /3) — cos(a + /3))/2 and cos 2 a = (1 + cos 2a)/2 in 
the right-hand side and left-hand side, respectively, and multiplying both hand sides 
by sin(2yj/A)/cos 2 ip we reduce it to 

s in (^) > ^sinipcos^-0 < ip < tt/2 . (C.2) 

By applying ( 13 . 161 ) in lemma 13.11 with a = 2 /N and making use of the fact that 
1 > cosy) — 2 ip/N) > 0 we show the reduced inequality (1C.21) . 


Appendix D. Proof of inequality (13.351) 


Multiplying both hands side of (13.201) by sin 2 ((2y)+m7r)/A) cos 5 ip/ siny) we show that 
(13.351) is equivalent to 

2 , 2ip + rmr 2p + TO7T sin2y) 


cos 2 (<p — 


> sin 


N 

2 ip + TO7T 

N 


-) — COS ip cos(p — 


sin 2 tp — 


2ip + rmr 

N 


N y Asin((2y) + rmr)/N) 

rmr 7r 

f0r 2(1 vVT) « V < 2 • 

(D.l) 
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Making use of sin a sin /3 = (cos(a — /?) — cos(a + /3))/2 and cos 1 2 3 4 5 6 7 a = (1 + cos2ct)/2 in 
the right-hand side and left-hand side, respectively, and multiplying both hand sides 
by sin((2iyj + rmr)/N)/ cos 2 ip we reduce it to 


sin 


2ip + rmr 

N 


> — sin p cos ( ip — 


run 7r 

for - < ip < — . 

2(N — 1) y 2 

Here we show the following inequality: 


sin 


2 ip + rmr 

N 


> — sin ip cos [ ip — 


2p + rmr 

N 


2<p + rmr 

N 


(D.2) 


for 0 < p < n . 
We define function f(p) by 

' 2p + rmr 


f{p) = sin 


N 


N 


sin p cos I p 


2p + rmr 
N 


By taking the derivative we have 


df 4 1 . 


2 p + rmr 

N 


(D.3) 

(D.4) 

(D.5) 


The derivative vanishes at p = rmr/(N — 2), and hence function f{p) has the lowest 
value at p = rmr/{N — 2). By putting .p = rmr/(N — 2) we have 

2 


/ (prnin) — I 1 


N 


sin 


N — 2 


(D.6) 


The right-hand side is positive for m = 1,2 ,,N — 2 and vanishes for m = 0 and 
N — 1. We therefore obtain the following: 


sm 


2 p + rmr 
N 


> — sm p cos [ p - 


2p + rmr 
N 


for 0 < p < 7 t.(D.7 ) 
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